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Sylvester’s problem

vs.



Direct calculation

Average area of a triangle picked from a disk D

Ā =
1
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Exact answers

Region Probability Approx.

Disk 35
12π2 0.29552

Square 11
36

0.30556

Triangle 1
3

0.33333

W. Woolhouse 1867, W. Blaschke 1917

(Nonconvex regions) D. Singer 1971, unpublished
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Tableaux

Theorem[Stanley ’84] The number of

allowable sequences on n points is the

number of Standard Young Tableaux of

shape (n − 1, n − 2, . . . , 2, 1) (e.g., ):

(

n

2

)

!

1n−13n−2 · · · (2n − 3)1
.



Frequencies (1000 runs)
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Combinatorial version

not

reentrant
1 of 

1.1 billion

1 of

35



Five points

# reentrant 4 2 0

Size of class 40 400 328



Five points

# reentrant 4 2 0

Size of class 40 400 328

Probability of being reentrant

40 · 4 + 400 · 2 + 328 · 0
(5
4

)

(40 + 400 + 328)
=

1

4



Six, seven and eight points

6 points 1,098,240

(6

4)292,864
=

1

4

7 points 9,631,498,240

(7

4)1,100,742,656
=

1

4

8 points 850,653,924,556,800

(8

4)48,608,795,688,960
=

1

4



Conjecture (true for n = 4, 5, 6, 7, 8)

The probability that 4 points chosen from

n ≥ 4 points are “reentrant” is 1
4
.



Next step

Show that number of reentrant four tuples

arising from all allowable sequences on 9

points is

921, 638, 560, 382, 142, 382, 080

9 points ?

(9

4
)29,258,366,996,258,488,320

= ?



Culs-de-sac

Induction

Junction

Classes

Equivalence

Expec−

tation

Matroids

Oriented

3:1 map

SYT

RSK
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