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Cn(q, t) =
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µ⊢n

T 2
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Polynomial?
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C3(q, t) = q3 + tq2 + tq + t2q + t3

Nonnegative?
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Symmetric?
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S4 = {Permutations of [1, 2, 3, 4]}

= 〈(1, 2), (2, 3), (3, 4)〉

= Rotation group of cube.
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1+2+3+4+5+6

1, 2, 3, 4, 5, 6

1−6, 2−5, 3−4, 6−2, 5−3

1−6, 2−5, 3−4 1+6−2−5, 2+5−3−4



Partition

2+1+1
←→

Ferrers diagram
←→

Irreducible rep.
s

1 2 3 4n



Let R = C[x1, . . . , xn, y1, . . . , yn].

R carries a representation of Sn:

σxi = xσi
σyi = yσi

.

Diagonal harmonics module

DHn =

{

f ∈ R :
n

∑

i=1

∂h
xi

∂k
yi

f = 0, ∀h + k > 0

}



DH2 = {f ∈ R : (∂x1
+ ∂x2

)f = 0

(∂y1
+ ∂y2

)f = 0

... }.

DH2 = 〈1〉 + 〈x2 − x1〉 + 〈y2 − y1〉

s s s

Trivial Sign Sign



DHn is bigraded by total degree

DHn = ⊕i,jV
i,j

Example: x3
1 x2 x4

3 y2 y4 ∈ V 8,2.

Hilbert series

H(DHn) =
∑

i,j

dim(V i,j)qitj



DH3 = 〈1〉
s

+ 〈x2 − x1, x3 − x2〉
s

+ · · ·+

〈y3(x2 − x1) + x3(y1 − y2) + x1y2 − x2y1〉+ · · ·
s

H(DH3 |s ) = 1,

H(DH3 |s ) = t + q + q2 + tq + t2,

H(DH3 |s ) = tq + t3 + t2q + tq3 + q3.



Write Cn(q, t) = H(DHn |s1n).



Write Cn(q, t) = H(DHn |s1n).
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cn = 1, 1, 2, 5, 14, 42, 132, 429, . . .

= c0cn−1 + c1cn−2 + · · ·+ cn−1c0

=
1

n + 1

(

2n

n

)

.

http://www.research.att.com/~njas/sequences/

http://www.research.att.com/~njas/sequences/






C3(q, 1) = 1 + q + q + q2 + q3



C3(q, 1) = 1 + q + q + q2 + q3
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Wanted: A “tstat” such that

Cn(q, t) =
∑

D∈Dn

qarea(D)ttstat(D).



Wanted: A “tstat” such that

Cn(q, t) =
∑

D∈Dn

qarea(D)ttstat(D).

Haglund proposed “bounce” for tstat.

boun = 4 + 2 + 0



C3(q, t) = t3 + qt + qt2 + q2t + q3

q q q 2 q
3

1 t tt
3

t
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1area
boun

Conj: Haglund ’00; Thm: Garsia-Haglund ’01



Haiman proposed “dinv” for tstat.

dinv = 5



C3(q, t) = t3 + qt + qt2 + q2t + q3
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Still no combinatorial proof that

Cn(q, t) = Cn(t, q).

?

area = 10

boun = 6

area = 6

boun = 10



Λ: the ring of symmetric functions

Bases: sµ, mµ, eµ, hµ, pµ, H̃µ, . . ..

Linear operator∇: Λ→ Λ.

Goal: Find matrices for∇.



Algebraic Object Combinatorial Model Conjecture Proof

∇(s1n)|s1n Dyck Hg G-Hg

C=Can, E=Egge, G=Garsia, Hg=Haglund, H=Haiman, K=Kilpatrick,

Kr=Kremer, Le=Lenart, L=Loehr, R=Remmel, U=Ulyanov, W=W



Algebraic Object Combinatorial Model Conjecture Proof

∇m(s1n)|s1n m-Dyck L

C=Can, E=Egge, G=Garsia, Hg=Haglund, H=Haiman, K=Kilpatrick,

Kr=Kremer, Le=Lenart, L=Loehr, R=Remmel, U=Ulyanov, W=W



Algebraic Object Combinatorial Model Conjecture Proof

∇m(s1n)|m1n labeled m-Dyck L-R
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C=Can, E=Egge, G=Garsia, Hg=Haglund, H=Haiman, K=Kilpatrick,

Kr=Kremer, Le=Lenart, L=Loehr, R=Remmel, U=Ulyanov, W=W



Algebraic Object Combinatorial Model Conjecture Proof

∇m(s1n)|mλ
labeled m-Dyck Hg-H-L-R-U
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C=Can, E=Egge, G=Garsia, Hg=Haglund, H=Haiman, K=Kilpatrick,

Kr=Kremer, Le=Lenart, L=Loehr, R=Remmel, U=Ulyanov, W=W



Algebraic Object Combinatorial Model Conjecture Proof

∇(pn)|s1n square L-W C-L

C=Can, E=Egge, G=Garsia, Hg=Haglund, H=Haiman, K=Kilpatrick,

Kr=Kremer, Le=Lenart, L=Loehr, R=Remmel, U=Ulyanov, W=W



Algebraic Object Combinatorial Model Conjecture Proof

∇(pn)|mλ
labeled square L-W
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C=Can, E=Egge, G=Garsia, Hg=Haglund, H=Haiman, K=Kilpatrick,

Kr=Kremer, Le=Lenart, L=Loehr, R=Remmel, U=Ulyanov, W=W



Algebraic Object Combinatorial Model Conjecture Proof

∇m(sµ)|mλ
{nest,label}ed m-Dyck L-W
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C=Can, E=Egge, G=Garsia, Hg=Haglund, H=Haiman, K=Kilpatrick,

Kr=Kremer, Le=Lenart, L=Loehr, R=Remmel, U=Ulyanov, W=W



Algebraic Object Combinatorial Model Conjecture Proof

∇(s1n)|m1n q, t-parking functions Hg-L

∇q=1(sµ/ν)|sλ
digraphs Le Le

〈∇(s1n), edhn−d〉 q, t-Schröder paths E-Hg-K-Kr Hg

H̃µ|mµ fillings of F(µ) Hg Hg-H-L

C=Can, E=Egge, G=Garsia, Hg=Haglund, H=Haiman, K=Kilpatrick,

Kr=Kremer, Le=Lenart, L=Loehr, R=Remmel, U=Ulyanov, W=W



Theorem The following uniquely determine a family

H̃µ(X; q, t) of symmetric functions:

H̃µ[X(q − 1); q, t] =
∑

ρ≤µ′ cρ,µ(q, t)mρ(X),

H̃µ[X(t− 1); q, t] =
∑

ρ≤µ dρ,µ(q, t)mρ(X),

H̃µ(X; q, t)|xn
1

= 1.



Theorem The following uniquely determine a family

H̃µ(X; q, t) of symmetric functions:

H̃µ[X(q − 1); q, t] =
∑

ρ≤µ′ cρ,µ(q, t)mρ(X),

H̃µ[X(t− 1); q, t] =
∑

ρ≤µ dρ,µ(q, t)mρ(X),

H̃µ(X; q, t)|xn
1

= 1.

versus H̃µ =
∑ Filled Ferrers diagrams with

“maj” and “inv” statistics

H̃32 = · · ·+ q
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Why are Cn(q, t) symmetric?

Prove validity of various models

Explain similarity of models

Expand∇(aµ)|bµ



“The Waiting Room,” Hermann Dyck (Walther’s father)


