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Pattern Inventory

Let G < 5, acton a set X.
Let C be a set of colors.
Define the pattern inventory

PatInvg(x) = Z Tyt (0) -
Oe{f: X—->C}/G



x-expansion ofPatInvg

o Pick a set X = {corners of a square},
e colorsC = {1,2,3,4}, and a
® group G = C4 (rotations by km /2).

PatIﬂVG({L‘) — e | 3m1$§w4 4 ...




M -expansion ofPatInvg
Let M9 = Z CB,}%?CE}C,

then PatInvg(x)
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m-expansion ofPatInvg

Let oy = Moyr + Mo + Mo,
then PatIﬂVg(a?) — e+ 3Moy1 + -0 - .
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(Q.-expansion ofPatInvg

Define Qo = »  Mp.

3 finer than «

PatInve, = Zw + Z(af; xr; + T; a:z) + 2 Z T;T ;T

1<J 1<g<lk
= M3 + Moy + Mq2 + 2M414

= mg3 + Moy + 2Mq11

= Qs + Q111-



Standardization

The of a word w,
Std(w) = o, is obtained by replacing
(from left to right) repeated letters by
successively increasing ones.

Examples: Std(11111) = 12345
Std(12121) = 14253
Std(311421223) = 712943568



Inverting

Fact: Standardization is invertible If you
know the content of the original word.

Examples: (12345,11111)" ' = 11111
(12345,11233)"' = 11233
(14253,11122) ' = 12121
(14253,12234) ' = 12242

(712943568, 111222334) ' = 311421223



The Standardization Bijection

Define the

IDes(o) ={j: o '(j+1) <o '(5)} and
Wn,IDes(a) — {wl Swz < -0 < wy e

1 € IDes(o) implies z; < z;11}-

Fact Standardization Is a bijection
between words of length n and pairs
(o,2) Where o € S, and z € W, 1pes(o)-



Strategy

. Define W+ C {f: X — C} of
of the orbits @. Then

PatInVG(:B) m— Z wwt(@) m— Z wwt(v).
oe{f: X—-C}/G vEW+

. Define Std’ : W+ — S,,. Let ST = Std’ (W ™).
. Foro € ST, define IDes’ (o) C [n — 1].

. Set PatInvG = ZaéS"’ Qa(IDes’(a'))'



G ={e} <SS,

Llet W ={wy---wy 2 w; € C}

Set W't = W and
Std’ = Std, then

ST =8,.

Fact: PatIﬂV{e} = ZaeSn Qa(IDes(a))-



SetWT={w; <wy <--- < w,}and
Std’ = Std, then
ST ={12...n}.

Prop: Patlnvg, = Qapes(12---n))
— Qa(@) — hn‘



Set Wt ={w; <wy; <+« <w,}U

{v1:o2v, V<V <v3 < e < vpts
For Std’ = Std, St = {12-.-n,2134-.-n}.

Set IDes’(12---m) = @ and
IDes’(2134---n) = {1,2,...,n — 1}.

Prop: PatInv 4, = Qo Des'(12--n)) T+ Qo (IDes’(2134--n))
— Q, + Q.



Conjectures/Theorems

Perhaps PatInvg = )  Qa(pes(s)) fOr

occH
G acting on [n] H Proven
A, Lo Y
Sn—1 Ch

(1,n)(2,n—-1)--+) Ay
An—l D2n

zZ < <




Scenarios

W+

transversal other

IDes Sn (1,n)(2,n —1)---

IDes’ ((1,2)) C.




Cycle Index

Cyclnd,; = ‘— Z Po(g)-
gel

Theorem (Pdlya): CycInd, = PatInvg.



Permutation action

e (1234) (13)(24) (1432)
1 2 4 1 3 4 2 3
G
4 3 3 2 2 1 1 4
(23) |
(132) (14) (234) (1243)
2 3 4 2 1 4 3 1 G(14)

(1,2,3)-G =G (1,2,3) ' =G (1,3,2) = G (1,4).



Permutation action

Cy _

X 1D xy D Xstd-

The 2-D irrep of Sy, v, appears as:

(G + G(13) — G(34) — G(12),
G(34) + G(12) — G(23) — G(14))



G = ((123)) < Sn

Set Wt ={w; -+ w, : (w1 < wsz, ws) Of

w; = wy < ws}t.

For Std’ = Std, ST = {0 : 01 < 02,03}.

[Des(oc) U {01}, o3 =01+4+1,

Set IDes' (o) =
IDes(o), else.

Prop: PatInv 123)) = ) cg+ Qa(iDes (o))
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