Square q, t-lattice pathsand V (p,,)

Nick Loehr
The College of William & Mary
&
Greg Warrington
Wake Forest University

FPSAC — 20 June, 2005



Overview

-1



Overview

-1

e \We generalize the area, boun, and dinv statistics.
e We conjecture a combinatorial formula for V (p,,).



Situation circa 1996

Given (Garsia-Haiman): Rational functions OC\,(q,t)

satisfying  OCr(g,t) = OCy(t,q),

1 2n
OCn(l,l) — ( ) = Chp,

n+1\n
G ocC. (a.1/q) = — [2"’]
q n(Cb /q) [n—l—l]q n.m qa
OCy(1,q) = OCr(q,1) = Y gD,

Wanted: OCy(gq,t) = Y g*eaP)gtstat(D),
DeD,,



Situation circa 2000

boun (Haglund) and dinv (Haiman) are proposed.
Note: There exists a bijection ¢ : D,, — D,, taking

(dinv(D), area(D)) — (area(¢(D)), boun(¢(D))).

Define

C’n(q,t) _ Z qarea(D)tboun(D) _ Z qdinV(D)tarea(D).
DeD, DeD,



Situation circa 2000

boun (Haglund) and dinv (Haiman) are proposed.
Note: There exists a bijection ¢ : D,, — D,, taking

(dinv(D), area(D)) — (area(¢(D)), boun(¢p(D))).
Define
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DeD, DeD,

Theorem (Garsia-Haglund).

Cn(qg,t) = OCy(q,t).



Vv

Letp -nand n(p) = ) (¢ — 1) p;.
The nabla operator (F. Bergeron-Garsia) is the unique
F-linear map on A% defined by:

V(ﬁu) _ qn(u’)tn(u)ﬁ[u,

where { H,} are the modified Macdonald polynomials.



Vv

Letp Fnand n(p) = ) . (¢ — 1)p;.
The nabla operator (F. Bergeron-Garsia) is the unique
F-linear map on A% defined by:

V(ﬁ“) _ qn(u’)tn(u)ﬁ[u,

where { H,} are the modified Macdonald polynomials.

Theorem (Haiman). (V(ey), sin) = OC,(q,1t).



Big picture

V(en) V(pn)
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Crn(q,t) Sn(q,t)



area, boun, and dinv
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area, boun, and dinv
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area, boun, and dinv

ORROWNNNWNNERO

area(S) = §<m+gi<s»+ (7)



area, boun, and dinv

hs hy h1 hg

boun(D) = Z th;(D)
1=0



area, boun, and dinv

hs ha hi o ho hihahs hy hy

muan




area, boun, and dinv

OFRFFEPNWNO

dinv(D) = » x[g:(D) — g;(D) € {0,1}]
i<j



OFRFPEFLPNWNO

area, boun, and dinv

ORROWNNNWNNERO

N.

/|

dinv(S) = ) x[gi(S) — g;(S) € {0,1}]
i<j

+ Z x1g:(S) < —1]



Theq, t-Square numbers

There exists a bijection ¢ : §9,, — S§9,, taking
(dinv(S), area(S)) — (area(¢(S)), boun(¢(S))).
Define

Sn(q,t)z Z qarea(S)tboun(S) _ Z qdinV(S)tarea(S).
SESQ, SeSQ,



Theq, t-Square numbers

There exists a bijection ¢ : §9,, — S§9,, taking
(dinv(S), area(S)) — (area(¢(S)), boun(¢(S))).
Define

Sn(q,t)z Z qarea(S)tboun(S) _ Z qdinV(S)tarea(S).
SESQ, SeSQ,

Conjecture. Foralln > 1,

Sn(Qa t) — Sn(ta Q)°



Theorem (Haglund).

q:)Cp(q,1/q) = n _i 1], [i"n]q,



t=1/q

Theorem (Haglund).

q:)Cp(q,1/q) = n _i 1], [i’"’n]q,

Theorem. Foralln > 1,

¢3S, (a,1/q) = — [2"’] :z[zn_llq.

14+ qg" |n.,n n,.n —1




Accounting for the 2

Define
NSn (q’ t) _ Z qdinV(S)tarea(S),
SeNsQ,
ESn (q’ t) _ Z qdinV(S)tarea(S) .

SetEsQ.,



Accounting for the 2

Define
NSn (q’ t) _ Z qdinV(S)tarea(S),
SeNsQ,
ESn (q’ t) _ Z qdinV(S)tarea(S) .
SetSQ,
Theorem.

1. There exists a bijection ¥§Q,, — ¥SQ,, that
preserves dinv and area.

2. NS,(q,t) = FS,(q,t) = Sn(q,t)/2.



V and £SO,

Theorem (Can-Loehr-Haglund). Foralln > 1,

(_1)n—1<v(pn), 81n> _ Z qdinV(S)tarea(S).



L abeled versions

Fixnand N withn < N < oco.

Letr =rg...7r,—1 With r; € {1,2,...,N}.

Let SQF,, denote the set of all pairs (S, r) such that:
1. Sisapathin*sSQ,, and

2. T =17Tg...Tph—1 Withr; € {1,2,..., N} such that
gi+1(S) = g;(S) + 1 implies r; < r;11.
Let SOH,, C SQF,, be given by

SOH, ={(S,r) : {ros...,rn_1}={1,2,...,n}}.



L abeled versions

Given (S, r) € SQF,,, define area(S,r) = area(S) and
dinv(S,r) = Zx[(gi(S) —gij(S) =0and r; < rj) or

1<J
(9:(S) — g;(S) = 1and r; > 7;)]

+ Z—: x[g:(S) < —1].
1=0

el ES NG NN
w 0o

OFRPNROR RO

1‘




V conjectures

“Hilbert series” conjecture. For all n > 1,

(=) NV (pn)yhan) = Y givEmgreals,
(S,T)ESQHTL

“Frobenius series” conjecture. For all n > 1,

n—1

(—1)n—1V(pn [;]) — Z qdinv(S,r)tarea(S,’l‘) H 2%
(S,r)ESOF ., =0
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