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Overview

• We generalize the area, boun, and dinv statistics.

• We conjecture a combinatorial formula for ∇(pn).
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Situation circa 1996

Given (Garsia-Haiman): Rational functions OCn(q, t)

satisfying OCn(q, t) = OCn(t, q),

OCn(1, 1) =
1

n + 1

(

2n

n

)

= Cn,

q(n

2
)OCn(q, 1/q) =

1

[n + 1]q

[

2n

n, n

]

q

,

OCn(1, q) = OCn(q, 1) =
∑

D∈Dn

qarea(D).

Wanted: OCn(q, t) =
∑

D∈Dn

qarea(D)ttstat(D).

3 – p.3/14



Situation circa 2000

boun (Haglund) and dinv (Haiman) are proposed.
Note: There exists a bijection φ : Dn → Dn taking

(dinv(D), area(D)) 7→ (area(φ(D)), boun(φ(D))).

Define

Cn(q, t) =
∑

D∈Dn

qarea(D)tboun(D) =
∑

D∈Dn

qdinv(D)tarea(D).

Theorem (Garsia-Haglund).

Cn(q, t) = OCn(q, t).
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∇

Let µ ` n and n(µ) =
∑

i(i − 1)µi.
The nabla operator (F. Bergeron-Garsia) is the unique
F -linear map on Λn

F defined by:

∇(H̃µ) = qn(µ′)tn(µ)H̃µ,

where {H̃µ} are the modified Macdonald polynomials.

Theorem (Haiman). 〈∇(en), s1n〉 = OCn(q, t).
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Big picture

∇(en) ∇(pn)

Cn(q, t) Sn(q, t)
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area, boun, dinv

#Dn =
1

1 + n

(

2n

n

)
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area, boun, dinv

#Dn =
1

1 + n

(

2n

n

)

#SQn =

(

2n

n

)
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area, boun, dinv

0
2
3
2
1
1
1
0

area(D) =

n−1
∑

i=0

gi(D)
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area, boun, dinv

0
2
3
2
1
1
1
0

0
-1
-2
-2
-3
-2
-2
-2
-3
-1
1
0

m

area(S) =

n−1
∑

i=0

(m+gi(S))+

(

m

2

)
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area, boun, dinv

h3 h2 h1 h0

boun(D) =
∑

i=0

ihi(D)
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area, boun, dinv

h3 h2 h1 h0 h0 h-1 h-2 h3 h2 h1

boun(S) =
∑

i=0

ihi+u(S)
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area, boun, dinv

0
2
3
2
1
1
1
0

dinv(D) =
∑

i<j

χ[gi(D) − gj(D) ∈ {0, 1}]

+
∑

i

χ[gi(S) < −1]
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The q, t-Square numbers

There exists a bijection φ : SQn → SQn taking

(dinv(S), area(S)) 7→ (area(φ(S)), boun(φ(S))).

Define

Sn(q, t) =
∑

S∈SQn

qarea(S)tboun(S) =
∑

S∈SQn

qdinv(S)tarea(S).

Conjecture. For all n ≥ 1,

Sn(q, t) = Sn(t, q).
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t = 1/q

Theorem (Haglund).

q(n

2
)Cn(q, 1/q) =

1

[n + 1]q

[

2n

n, n

]

q

.

Theorem. For all n ≥ 1,

q(n

2
)Sn(q, 1/q) =

2

1 + qn

[

2n

n, n

]

q

= 2

[

2n − 1

n, n − 1

]

q

.
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Accounting for the 2

Define

NSn(q, t) =
∑

S∈NSQn

qdinv(S)tarea(S),

ESn(q, t) =
∑

S∈ESQn

qdinv(S)tarea(S).
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Accounting for the 2

Define

NSn(q, t) =
∑

S∈NSQn

qdinv(S)tarea(S),

ESn(q, t) =
∑

S∈ESQn

qdinv(S)tarea(S).

Theorem.

1. There exists a bijection NSQn → ESQn that
preserves dinv and area.

2. NSn(q, t) = ESn(q, t) = Sn(q, t)/2.
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∇ and ESQn

Theorem (Can-Loehr-Haglund). For all n ≥ 1,

(−1)n−1〈∇(pn), s1n〉 =
∑

S∈ESQn

qdinv(S)tarea(S).
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Labeled versions

Fix n and N with n ≤ N ≤ ∞.
Let r = r0 . . . rn−1 with ri ∈ {1, 2, . . . , N}.
Let SQFn denote the set of all pairs (S, r) such that:

1. S is a path in ESQn and

2. r = r0 . . . rn−1 with ri ∈ {1, 2, . . . , N} such that
gi+1(S) = gi(S) + 1 implies ri < ri+1.

Let SQHn ⊂ SQFn be given by

SQHn = {(S, r) : {r0, . . . , rn−1} = {1, 2, . . . , n}}.
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Labeled versions

Given (S, r) ∈ SQFn, define area(S, r) = area(S) and

dinv(S, r) =
∑

i<j

χ[(gi(S) − gj(S) = 0 and ri < rj) or

(gi(S) − gj(S) = 1 and ri > rj)]

+

n−1
∑

i=0

χ[gi(S) < −1].
0

-1
1
0

-1
-2
-1
0 2

6
1
4
5
7

3
8
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∇ conjectures

“Hilbert series” conjecture. For all n ≥ 1,

(−1)n−1〈∇(pn), h1n〉 =
∑

(S,r)∈SQHn

qdinv(S,r)tarea(S,r).

“Frobenius series” conjecture. For all n ≥ 1,

(−1)n−1∇(pn[
→
z ]) =

∑

(S,r)∈SQFn

qdinv(S,r)tarea(S,r)
n−1
∏

i=0

zri
.
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